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Abstract 

We study the excited baryon states for an arbitrary number of colors N c from the perspective of 
the permutation group Sn of N objects. Classifying the transformation properties of states and 
quark-quark interaction operators under Sn allows a general analysis of the spin- flavor structure 
of the mass operator of these states, in terms of a few unknown constants parameterizing the 
unknown spatial structure. We explain how to perform the matching calculation of a general two- 
body quark-quark interaction onto the operators of the 1/N C expansion. The inclusion of core 
and excited quark operators is shown to be necessary. Considering the case of the negative parity 
L = 1 states transforming in the MS of Sn, we discuss the matching of the one-gluon and the 
Goldstone-boson exchange interactions. 
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I. INTRODUCTION 

The nonrelativistic quark model (NRQM) jlj has been used with varying degree of success 
to describe the baryonic states, both for ground state and excited [2| baryons. Recently, 
the NRQM gained additional significance in the baryon sector, where it provides an explicit 
realization of the contracted SU(A) C symmetry, which becomes manifest in the large N c 
limit Q]. This symmetry connects states with different spins and isospins, and provides an 
important organizing principle for the construction of a systematic expansion in 1/N C for 
physical quantities such as masses and couplings. Many detailed applications to the physics 
of ground state baryons, both heavy and light, have been presented. 

The 1/N C expansion has been app lied also to orbitally excited baryons, up to subleading 
order in 1/N C lid ]. The structure of the operators contributing to the 

physical properties of these states is more complicated. The construction of these operators 
makes use of the decomposition of the spin-flavor states into "core" and "excited" quark 
subsystems. The operators appearing in the 1/N C expansion are the most general structures 
which can be constructed from SU (4) generators acting on the core and excited quarks. 

The construction of the states and operators for excited states presented in Ref. {(J 
has been inspired by the quark model picture of the excited states. To our knowledge a 
formal justification in terms of an underlying symmetry is still lacking. Such a symmetry 
argument would be desirable for several reasons. First, it would help in order to establish the 
completeness of the set of operators contributing to any given order in 1/N C . Second, such 
a symmetry argument could point the way for the treatment of higher excitations with a 
more complicated spin-flavor structure. Finally, in several recent papers [ll|, 13] the validity 
of the usual approach based on the core+excited decomposition has been questioned, and a 
symmetry argument should settle the objections raised in these works. 

In this paper we use the simple observation that the spin-flavor states of a system of N 
quarks can be classified into irreps of S£/(4) x S S J , with Sn the permutation group of N 
objects. Including also the orbital degrees of freedom, the complete permutation symmetry 
is Sn C S^ b x Sn, the diagonal subgroup of the permutations acting on both orbital and 
spin-flavor degrees of freedom. Of course, although Sn is a good symmetry of the quark 
model Hamiltonian, S S J is not, and mixing between different irreps can occur in general 
(configuration mixing). 
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The permutation symmetry S S J has nontrivial implications. It constrains the form of 
the allowed operators which can contribute to any given matrix element. The spin- flavor 
structure of the mass operator for these states contains only those spin-flavor operators O s f 
which appear in the decomposition of the interaction Hamiltonian 7i = J2r 'R-R b @R under 

corb w q s f 
N x °N ■ 

The ground state baryons transform in the singlet irrep of S S J , and thus the only operators 

with nonzero matrix elements are also singlets of S S J . More interesting predictions are 

*/ 

N 



obtained for the orbitally excited baryons, which transform nontrivially under S S J . We 



consider in some detail the states transforming in the [N — 1, 1] (MS) irrep of S*J. 

We perform the explicit decomposition of the most general two-body quark-quark inter- 
action into irreps of S° N rb x S S J, which gives a general expression for the mass operator of the 
excited states. We present explicit results for the one-gluon exchange, and one Goldstone 
boson exchange mediated quark-quark interaction. This generalizes the N c = 3 results of 
Collins and Georgi 13] to arbitrary N c and also allows to extract the otherwise implicit N c 
dependence of the operators and their matrix elements. 

The analysis based on Sn makes the connection to the 1/N C expansion particularly simple, 
allowing the matching of any microscopic quark-quark interaction onto the operators of the 
1/N C expansion. In addition to the class of operators transforming as [N] and [N — 1, 1] 



of S S J , previously considered in 



131 ] for N c = 3, we also discuss a new class of operators 



transforming in the [N— 2, 2], [N—2, 1, 1] irreps, which appear only for N c > 3. The matching 
calculation for two different models confirms the scalings and the completeness of the set 



of effective operators considered in {(J. We find that the criticism of Matagne and Stancu 



101 ] is unfounded, 



| 111 . Il2[ ] of the usual 1/N C expansion for excited baryons 
and the disagreement with existing work is due to ignoring operators transforming like non- 
singlets under . 

As an application of our results, we point out that the models for quark dynamics dis- 
cussed here make definite predictions for the phenomenology of the excited baryons, in the 
form of a hierarchy of the coefficients of operators in the 1/N C expansion. Comparing with 
the results of a fit we conclude that at leading order in 1/N C the Goldstone boson exchange 
model is favored. 
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II. THE S S J PERMUTATION SYMMETRY 



We describe in this section the Sn transformation properties of the spin-flavor wave 
function of a system of N = N c quarks with spin and isospin. For simplicity we consider 
only two light quark flavors u, d and assume isospin symmetry. In the nonrelativistic quark 
model, the spin-flavor wave functions appear as building blocks for the total baryon wave 
function, along with the orbital wave function. More importantly, they are relevant in the 
context of the 1/N C expansion, where the quark representation provides a realization of the 
large N c spin-flavor symmetry j^]. 

The spin-flavor baryon states are constructed by taking products of one-body states with 
spin and isospin 

K>> K)> l rf T>> \ d l)- C 1 ) 
We keep track of the identity of the states of the N c quarks, such that in general, a state will 
not be left invariant under a permutation of the quarks. For any finite N c , such a state will 
be completely specified by giving its transformation under the symmetry group SU (4) x Sn- 

For any spin-flavor state, the irreps of the spin-flavor 577(4) and permutation group are 
related such that they correspond to the same Young tableaux. For example, the multiplicity 
of a state with given spin, isospin, and their projections |S, I; S3, 13) is given by the dimension 
of the Sn irrep with the same Young diagram as the SU(4) irrep. For this reason it may 
appear that the spin-flavor irrep is sufficient to describe the state. However, it will be seen 
that the Sn information can give constraints on the possible form of the operators which do 
not follow from the spin-flavor structure alone. 

We start by considering the ground state baryons. They transform in the completely 
symmetric irrep S of S S J . The only operators which have nonvanishing matrix elements 
between these states transform also in the S irrep of the permutation group. 

Next consider states with nontrivial transformation under the permutation group. As 
a first example of such states consider the nonstrange states in the MS irrep of S 8 J. An 
explicit analysis of the spin-flavor structure in the nonrelativistic quark model performed 
below in Sec. IIHI shows that these states can be identified with the L = 1 orbitally excited 
baryons. 

Consider the mass operator of these states, and the constraints imposed on it from the 
permutation group. It must transform like R under the permutation group, where R is 
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any irrep such that MS x R contains MS. The allowed irreps must satisfy the following 
condition (see p. 257 of [jjj]): consider the Young diagrams of R and of MS (partition 
[A — 1, 1]). By removing one box from the R diagram, and the addition of one box to the 
resulting diagram, the Young diagram of MS must be obtained. A simple examination of 
the respective Young diagrams shows that this condition is satisfied by the following irreps 
of Sn (see Appendix A for notations) 

R = S, MS, E, A' . (2) 

The most general operator contributing to the mass operator of these states will be thus a 
linear combination of operators transforming in each of the irreps of S S J given in Eq. ([2]) . The 
S operators contain only building blocks S l , T a , G ta for the entire hadron: total hadron spin, 
isospin and the G ia operator. The MS operators are constructed by combining operators 
acting on the excited and core subsystems of the hadron consisting of 1 and N c — 1 quarks 
respectively. Finally, the E and A' operators have a more complicated structure, and have 
not been considered previously. 

In the next section we will show by explicit calculation in the nonrelativistic quark model 
how each of these operators is generated from specific models of quark-quark interactions. 
We consider in detail two such models, the one-gluon exchange and the Goldstone-boson 
exchange mediated interactions. 

III. S N AND THE NONRELATIVISTIC QUARK MODEL 

We consider in this section the spin-flavor structure of the orbitally excited baryons 
transforming in the MS irrep of S S J in the nonrelativistic quark model with N c quarks. For 
N c = 3, these states correspond to the negative parity baryons with L = 1 and transform 
in the 70~ of SU(6) (or the 20~ of SU(4)). This contains several spin-isospin multiplets of 
SU(2) x SU(3) C SU(6). Denoting them as 25+1 F, these multiplets are 4 8 © 2 8 © 2 10 © 2 1. 

We would like to construct these states for arbitrary N c quarks, with special attention to 
their transformation properties under the permutation group. For generality we will keep L 
arbitrary. Fermi statistics constrains the spin-flavor-orbital wave function to be completely 
symmetric. Thus this wave function must transform under the completely symmetric irrep 
of Sn, the permutation group acting on all degrees of freedom of the N quarks: orbital, spin 



5 



and flavor. This group is the diagonal subgroup of S^ b x , the product of the permutation 
groups acting independently on the orbital and spin-flavor degrees of freedom, respectively. 
Any symmetric state in orbital-spin-flavor space is decomposed into a sum of inner products 
of irreps of S^ b x as 

S= Y, R orb ®R s f. (3) 

R=S,MS,- 

The sum is over states which transform in the same irrep R under independent permutations 
of the respective degrees of freedom. We use here and in the following the notations of 
Appendix A for the irreps of the permutation group. 

The first term in the sum, with R = S, corresponds to states with orbital wave functions 
symmetric under any exchange of two quarks. These states include the ground state baryons, 
and some of their radial excitations. According to Eq. ([3]), their spin-flavor wave function 
is also completely symmetric under permutations. For two light quark flavors, this implies 
that they transform in the symmetric irrep of SU(4). 

A. The MS states and relation to CCGL 

Consider next the second term in the sum Eq. ([3]), corresponding to R = MS. They 
correspond to orbitally excited baryons, for example the L = 1 baryons in the 70~. A 
basis for the spin-flavor wave function can be constructed using the method of the Young 
operators (see Appendix A). This can be chosen as the set of N — 1 wave functions, with 
k = 2,3, ■ ■ ■ , N 

\4>k) = \qk) ® \i c )N-i - \qi) <8> \Qn-i , (4) 

where \qu) denotes the spin-flavor state of the quark k, and |i c )jv-i denotes the spin-flavor 
state of the subset of N — 1 quarks ('core') obtained by removing quark k from the N quarks. 
The latter states are symmetric under any permutation of the N — 1 quarks. The states (pi 
are not orthogonal, and have the scalar products 

{2 i — j 
( 5 ) 
1 , i^j 
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The basis states <fik have the following transformations under the action of the transpo- 
sitions Pij (exchange of the quarks 



Pxrfk = (6) 




Pij4>k = 4>k if(i,j)^l,k (7) 
Pik<\>k = Pki<Pk = <t>i if i 7^ 1 ■ (8) 

We will adopt these transformation relations as defining a basis for the MS irrep of Sn, 
both for states and operators. 

A similar construction can be used also for the orbital wave functions with MS permu- 
tation symmetry. They form a set of N — 1 functions and will be denoted as xTifii " ' ■> ^n) 
with k = 2, 3, • • • , N. The index m = ±1, denotes the projection of the orbital angular 
momentum L along the z axis. 

For definiteness we adopt a Hartree representation for the orbital wave functions, in terms 
of one-body wave functions <p s (j) for the ground state orbitals, and <p™(r) for the orbitally 
excited quark. The Young operator basis for the orbital wave functions is given by 

Xk(n, ■■-,r N ) = V?{?k)Kt^s(?i) - <(ri)n£ 2 </p s (r1) • (9) 

These basis wave functions have the same transformation properties under transpositions as 
the spin-flavor basis functions, Eqs. ([ME])- We emphasize that the main results of our paper 
do not depend on the use of the Hartree representation, as explained in more detail below. 

The complete spin-flavor-orbital wave function of a baryon B with mixed-symmetric 
spin-flavor symmetry is written as the MS x MS — > S inner product of the two basis 
wave functions, for the orbital and spin-flavor components, respectively. Making explicit the 
spin-isospin degrees of freedom, the wave function is given by 



\B;(LS)JJ 3 ,II 3 ) = ]T 

m,S 3 



L S 

m S-i 



J \ N 

]T mss 3 ,ii 3 )xTMh. (10) 

J3 / k,l=2 



For simplicity of notation, we will drop the explicit dependence of the basis states on spin- 
isospin, and the SU(2) Clebsch-Gordan coefficient coupling the orbital angular momentum 
with the quark spin L + S = J. They will be implicitly understood in all expressions written 
below. In Appendix B we give an explicit example of this construction for a baryon with 
N c = 3, and compare it with the baryon states constructed in Ref. 



The matrix of coefficients My are the Clebsch-Gordan coefficients for the MS x MS 



S 



inner product of two irreps of Sn- They can be determined by requiring that the state 
Eq. (1101) is left invariant under the action of transpositions acting simultaneously on the 
spin-flavor and orbital components. In the MS basis defined by the transformations Eqs. §5§ 



the matrix is 



M 



1 


1 


1 


1 


Af-1 


Af-1 


Af-1 


1 


1 


1 


1 


Af-1 


Af-1 


Af-1 


1 


1 


1 


1 


Af-1 


Af-1 


Af-1 


1 


1 


1 


• 1 


Af-1 


Af-1 


Af-1 



(11) 
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Since any permutation can be represented as a product of transpositions, the state given in 
Eq. (fTO]) transforms indeed in the S irrep of the overall Sn group. 

The form of the baryon state Eq. (fTOl) simplifies greatly with an alternative choice for 
the basis of MS spin-flavor and orbital states. This is the so-called Yamanouchi basis fl^ |. 
which is constructed such that i) the basis vectors are orthogonal and ii) each of them is 
invariant under permutations of mutually overlapping subsets of the N quarks. Considering 
the spin-flavor states, the Yamanouchi basis ipk, k = 2, • • • , N is given by 
1 



V>2 



^JN(N - 1) 



+ 



1 



• + 0Af) 

:(-(N -j + + </>j + ■ ■ ■ + (f> N ) , J 



(12) 
N . 



/ (N-j + 2)(N-j + l) 
These states satisfy the normalization conditions (ipi\ipj) = Sij. Also, using Eqs. one can 
see that ip2, ^3> ^4> ' ' ' 5 are invariant under permutations of the subsets (2, 3, • • • , N) D 
(3, • • • , N) D (4, • • • , N) D • • • D (N - 1, N) of the N quarks, respectively. 

Expressed in terms of the Yamanouchi basis ip^, the matrix M, giving the MS x MS — > S 
coupling, is proportional to the unit matrix 

N 



M, 



N 



(13) 



such that the baryon state Eq. (flUj) is given simply by (with the Yamanouchi basis of 
orbital states) 



\B;(LS)JJ 3 ,II 3 ) 



— E 

N- 1 ^ 



(' 


S 


I) 


\ m 


S3 





N 



m 
k 



(14) 



k=2 



6l has the form 



We pause at this point to compare the state Eq. ({TO]) with the MS states constructed in 
Ref. {(|, and commonly used in the literature in the context of the l/N c expansion. These 
states are constructed as tensor products of an 'excited' quark whose identity is fixed as 
quark 1, with a symmetric 'core' of N — 1 quarks. We will refer to these states as CCGL 
states. With this convention, the wave function used in Ref. 

\CCGL) = $(<?/) ^(ml^) , (15) 

where <&(SI) denotes the spin-flavor component, and the remainder is the orbital wave 
function in Hartree form. By construction, the spin-flavor wave function <&(SI) transforms 
in the MS irrep of SU(A), and thus also like MS under Sn- It is symmetric under any 
exchange of the core quarks, PijQ(SI) = <&(SI) for i,j ^ 1. These two properties identify it 
uniquely in terms of the MS basis functions defined in Eq. (0} as <5>(SI) = 77=3^ Ek=2 <t>k- 
The normalization factor is chosen such that the state is normalized as ($(S7)|$(S7)) = 1. 

Symmetrizing under the 'excited' quark index % — 1, 2, ■ ■ • , N, one finds for the properly 
normalized symmetric state 



L^P^CCGL) = -^—E^I^CP^ = - V?0 



where the terms with different i in the first sum are orthogonal states. This gives the relation 
between the CCGL state and the symmetric state constructed above in Eq. (fTOl . 

B. Sn — > S^ b x S S J decomposition of the interaction Hamiltonian 

In this Section we study the Sn transformation properties of the interaction Hamilto- 
nian in the nonrelativistic quark model. For definiteness we adopt the one-gluon exchange 
potential, which follows from a perturbative expansion in a s (m,Q) in the heavy quark limit 
rriQ ^> Aqcd- We formulate our discussion in sufficiently general terms to allow the treat- 
ment of any other Hamiltonian containing only two-body interactions. 

We consider a Hamiltonian containing a spin-flavor symmetric term H Q (the confining 

potential and kinetic terms), plus spin-isospin dependent two-body interaction terms Vij 

\ a \ a N 4- 1 

H = H + g!Y, ffV l3 - lf - gf^p £ Vij , (17) 

where A a are the generators of SU(3) color in the fundamental representation, and g s is the 
strong gluon coupling to the quarks, scaling like g s ~ 0(N~ 1 ^ 2 ). The second equality holds 



on color-singlet hadronic states, on which the color interaction evaluates to the color factor 
(N c + 1)/(2N C ). We will restrict ourselves only to color neutral hadronic states in this paper. 

In the nonrelativistic limit, the two-body interaction Vij contains three terms: the spin- 
spin interaction (V ss ), the quadrupole interaction V q and the spin-orbit terms V so . We write 
these interaction terms in a slightly more general form as [3], where fo,i,2( r ij) are unspecified 
functions of the interquark distances 

N 

Vss = fo(rij)si ■ sj , (18) 
i<j=i 

N 

V g = ]T f 2 {r ij ) [3(r y • Si)(fy • Sj) - (s- • Sj)] , (19) 
Kj=i 

N 

Vso = fi( r ij) [(rij x Pi) ■ Si - (fy x pj) ■ sj (20) 
i<j=i 

+2(fij x ■ Sj - 2(fij x pj) • s, 

We would like to decompose the Hamiltonian H into a sum of terms transforming ac- 
cording to irreps of the permutation group acting on the spin-flavor degrees of freedom S S J . 
The operators in Eq. (fT7|) are two-body interactions, of the generic form 

V= £ 11^, (21) 

l<i<j<N 

where TZij acts only on the orbital coordinates of the quarks and Oij acts only on their 
spin-flavor degrees of freedom. For example, the spin-spin interaction V ss has TZ^ = foi^ij) 
and Oij = Si ■ Sj. Of course, V must be symmetric under any permutation of the N 
quarks, but the transformation of the spin-flavor and orbital factors separately can be more 
complicated. We distinguish two possibilities for the transformation of these operators under 
a transposition of the quarks corresponding to the two irreps of S2: 

i) symmetric two-body operators: PijlZfjP^j = IZfj and PijOfjP^ 1 = Ofj. 

ii) antisymmetric two-body operators: PijlZ^P^ = —71% and PijO^P^ 1 = —O^. 

The spin-spin and quadrupole interactions V ss , V q are composed of symmetric two-body 
operators, while the spin-orbit interaction V so contains both symmetric and antisymmetric 
components. 

In general, the k— body operators can be classified into irreps of the permutation group 
of k objects Sk- For example, there are three classes of 3-body operators, corresponding to 
the S, MS, A irreps of S3. 
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We start by considering the symmetric two-body operators. The set of all spin-flavor 
operators Ofj (and analogous for the orbital operators 72-f,) with 1 < i < j < N form 
a ^N(N — 1) dimensional reducible representation of the Sn group, which contains the 
following irreps 

{Of j } = S@MS@E. (22) 

We will use as a basis for the operators on the right-hand side the Young operator basis 
supplemented by the phase convention Eq. ([6]) as explained in Appendix A. The projection 
of the operators onto irreps of Sn are as follows. 
The S projection. 



O 3 = £0*,- (23) 

i<j 



The MS projection. 



Of S = E (Oy-Oy, k = 2,3,--.,N (24) 
The E projection. These operators can be labeled by the three integers k appearing 



in the standard Young tableau [lz • • •] [jk] corresponding to the respective operator, and are 
given by 

Of jk = 01,-01,-0^ + 0%, k>i,j = 2,---,N-l. (25) 

In Appendix A we give as an illustration the complete basis of the S, MS, E operators for 
iV c = 5. 

The interaction V symm constructed with symmetric two-body operators is symmetric 
under Sn, and its decomposition under Sn C S^ b x S S J has the form 

v symm = n{n _ 1) k s o s + N(N _ 2) £ nf s ojf s M jk + cT m E nfoi N jk . 

(26) 

The matrices Mj k and Nj k are Clebsch-Gordan coefficients for the MS x MS — > S and 
E x E — ► S reductions for the irreps of the Sn group. The matrix Mj k is given in Eq. (ITTj) 
in explicit form. We do not have explicit results for ce and the matrix Nj k for arbitrary N, 
although for any given iV they can be found as explained in Appendix A. 
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We consider next the case of the antisymmetric two-body operators Ofj. They form a 
t;N(N — 1) dimensional reducible representation of Sn, which is decomposed into irreps as 

{O a l3 } = MS®A' . (27) 

This can be verified by noting that the sum of the dimensions of the irreps on the right-hand 
side is indeed |A r (A r — 1). We list in Appendix A the explicit basis of operators for the A' 
irrep with N = 5. The projection of these operators onto irreps of Sn gives the following 
basis operators. 

The MS projection. 

N 

0^ S = £(Ofc - °W > k = 2,S,---,N (28) 

3=1 

The A' projection. 

These operators can be labelled by the two integers j, k appearing in the first column of 
the standard Young tableaux corresponding to the given operator. They can be 

chosen as 

Of k = 20% + 20% -20\ k , 2 < j < k < N (29) 

The decomposition of the interaction y antl = J2i<j 7^%®% consisting of products of anti- 
symmetric two-body interactions, into operators transforming as irreps of S^ h x S S J has a 
similar form to Eq. fT26|) 

at -j N i(AT-l)(JV-2) 

V™» = —— £ Kf s O* IS M 3k + cT l E KfOt'Q* > (30) 

j,k=2 j,k=l 

where Mj k is given in Eq. (Ilip . and Qj k is the Clebsch-Gordan coefficient for the reduction 
A' x A' -> S. 

C. Mass operator - One-gluon exchange interaction 

The discussion of the interaction Hamiltonian in the previous section was completely 
general, and did not assume anything about the hadronic states. In this section we con- 
sider its matrix elements on the \B) states constructed in Sec. IIII A\ with special regard to 
their spin-flavor structure. The permutation symmetry reduces the matrix elements of the 
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orbital operators IZij to a small number of unknown reduced matrix elements, which can be 
expressed as overlap integrals. Counting the number of the contributing irreps gives that 
there are 3 undetermined reduced matrix elements for each symmetric two-body operator, 
and 2 reduced matrix elements for each antisymmetric two-body operator. 

We compute the matrix elements of the 2-body interaction Hamiltonian on the \B) states 
constructed in Eq. (flQj) . The matrix elements of the spin- flavor operators on the basis 
functions <pi are given by 



where (O ), {O m ), {O e ) are reduced matrix elements. The proportionality of the matrix 
elements to just one reduced matrix element follows from the Wigner-Eckart theorem for 
the Sn group. The form of the Clebsch-Gordan coefficients is specific to the MS basis 
used in this paper, and can be derived by repeated application of Eqs. ([6]) to the states and 
operators. 

For the orbital operators 1Z, an additional complexity is introduced by the presence of 
the magnetic quantum numbers of the initial and final state orbital basis functions x™- The 
dependence on m, m! is given by the Lorentz structure of the orbital operator. The simplest 
case corresponds to a Lorentz scalar, for which the matrix elements are given by 



Inserting these expressions into Eq. (126]) and combining all factors we find the following 
result for the matrix element of a symmetric two-body operator V symm , expressed as a sum 



(&|o%> 

(4>i\0? S \4>j) 





over irreps of x & 



isp— fi 
N 




(B\V symm \B) 



(37) 



(B\B) 



N(N — 1) 



)(O s ) + i-(K MS )(0 MS ) + 



N(N - 3) 
4(iV- 1) 



(n E )(o E ). 
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The contribution of the E operators in the last term is obtained using an alternative method, 
sketched in Appendix C, which does not require the knowledge of the Clebsch-Gordan coef- 
ficients Njk. 

The reduced matrix elements depend on the precise form of the interaction. We consider 
for definiteness the spin-spin interaction V ss in some detail. For this case the reduced matrix 
elements of the symmetric operators are given by 

(R s ) = l(N-l)(N- 2)l s + (N- l)J dir - J cxc , (38) 
(O s ) = mSI)\±S 2 -^N\<S>(SI)}. (39) 

For the ease of comparison with the literature on the 1/N C expansion for excited baryons, 
we expressed the reduced matrix element of the spin-flavor operator as a matrix element on 
the state |<3>(S7)) where the excited quark is quark no. 1. This state is given by $(S7) = 
-j===Y / k=2 < i ) k- The reduced matrix elements of the orbital operator are expressed in 
terms of the 3 overlap integrals over the one-body wave functions 

l s = J dr 1 df 2 f {r 12 )\ip a (r f 1 )\ 2 \(p 8 (f 2 )\ 2 , (40) 

j dir = /rff^rVo^)!^^)! 2 !^^)! 2 , 

J cxc = /^drVo^)^^)^^)^)^^) . 

The spin-flavor operator transforming in the MS irrep is Off = (s\ — s&) • S, and the 
corresponding orbital operator is TZ% IS = J2f=2,j^k[fo( r ij) — fo{ r kj)]- Their reduced matrix 
elements are 

(R MS ) = (N - 2) ( J dir - X s ) - 2X CXC , (41) 
(0 MS ) = j^(HSI)\ -S 2 + Ns, ■ S c + InMSI)) , (42) 



where the overlap integrals are the same as defined in Eqs. (140j) . We denoted S c the 'core' 
spin, defined as S c = S — s\. The reduced matrix element of the orbital operator (TZ AIS ) is 
computed by taking representative values of k in Eq. fl35|) and evaluating the integrals. 
The derivation of the spin-flavor reduced matrix element (O ms ) is given in Appendix D. 
We postpone the discussion of the E operators for a later section, as they require a separate 
treatment. 
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The quadrupole interaction is treated in a similar way. This is written as 

v i = \ll /a(ry)(3fS4- - 5 ah ){s1s) + s^) = £ Q£C# , (43) 

where acts only on the orbital degrees of freedom, Of- = s°;s b + s^s® on spin-flavor, 
and a, b are spatial indices. As mentioned, this is a symmetric two-body operator. The 
projections onto S and MS of each of the factors are obtained as explained above. The 
symmetric projections are 

Qf = E 2? = \ E /2(%)(3r£4 - 6 ab ) , (44) 

i<j i<j 

Of = Y j O^ = U{S\ S b } - l -N5 ab ) , (45) 
i<j z z 

where the braces denote symmetrization with respect to the spatial indices a, b, {X a , Y b } = 

X a Y b + X b Y a . Their matrix elements between the MS basis for orbital and spin-flavor 

states are given by the Wigner-Eckart theorem for the permutation group 

(xf\Qf\xT) = s v(l{ La > Lb }-l L ( L + 1 ) sah ) m ,JQs), (46) 

(HOflh) = S^Of). (47) 

The dependence on the magnetic quantum numbers m, vnl in the orbital matrix element is 
given by the most general symmetric and traceless tensor which can be formed from the 
angular momentum. We will denote it as Lf = \{L a , L b } — \L(L + l)5 ab . 
The reduced matrix elements are given by 

(Qs> = (AT-l)/C dir -/C cxc , ( 48 ) 
(Of) = ^($(SI)\{S a , S b } - ^N5 ab \$(SI)) . (49) 

The convolution integrals /Cdir,cxc appearing in the reduced matrix element of the orbital 
operator Qs are similar to those introduced for the spin-spin interaction. 

JC&{l£) m , m = \j dndf 2 f 2 (r 12 )(3r a 12 f b 2 ~ OM^I V*(^K(^) , (50) 

/C exc (Lf ) m#m = \j dndriMn^Sr^ - V*)<p\{ft)<pf* (5)^) <p.ft) ■ (51) 

The MS projections of the operators are 

1 N 1 N 

[Q ah \k S = » E hin^/tj - 6 ab ) - - h(r kj )(3r a kj r b kj -6 ab ), (52) 

Z j=2^k Z j=2^k 

pab] Ms = {4-4,5*}. (53) 
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Their reduced matrix elements are given by 



(Qms) = (N - 2)/C dir - 2/C exc , (54) 
(Ots) = j^(HSI)\N{S:,sl}-{S a ,S b } + ~N8 ab MSI)). (55) 

Finally we discuss the computation of the matrix element of the spin-orbit interaction V so , 
which is more involved. As mentioned, this operator can be written as a sum of symmetric 
and antisymmetric two-body operators 

v so = v s r m + vz» = § £ 4 • (s; + -W 4 • - > ( 56 ) 

where we defined the symmetric and antisymmetric orbital operators 

4 = A^y)^' x - Pj) , 4 = h(rij)fij x + . (57) 

They are decomposed as S © MS © 2? and MS © A' respectively, and thus their matrix 
elements taken between MS states of S^ acting on spin-flavor depend on 5 reduced matrix 
elements. At N c = 3 the E operators do not exist, and thus this number reduces to 4, which 



agrees with the counting of Ref. 13j. Table [J summarizes the counting of the independent 
reduced matrix elements arising from each of the terms in the quark interaction Hamiltonian. 

Consider first the symmetric piece of the spin-orbit interaction V s s ^ mm . The projections of 
the orbital and spin-flavor factors onto S and MS irreps of the Sn group are: the symmetric 
S components 

ft = E4- ( 58 ) 

i<j 

[s l + s J } s = (N-l)S 

and the MS components 

N N 

[4r = E 4 - E 4 > (59) 

j=2^k j=2^k 

fr + s j \¥ s = (N-2)(s 1 -s k ). 

The matrix element of the y^v rnm operator is given by the same relation as Eq. ( 1371) 
except that the reduced matrix elements are vectors. Taking into account that the only 
available vector is the angular momentum L, the most general form for the matrix elements 



1(3 



of the orbital operators £f ■ are given as 

( X f\[£ s )s\xT) = ^(L) m , m (£|), (60) 

{xT'mrwj) = a - 5 ik 8 jk ){L) m , m {c s MS ) . (6i) 

Collecting together all factors, the matrix element of the V^ mm interaction is given by 
(we neglect here the contribution of the E <g> E operators to the matrix element, which does 
not contribute for N c = 3) 

- -L • + — (Ns\ • L - S ■ L) (£ MS ) . (62) 



(5(5) N N 

As usual, the expression on the rhs is understood as an operator acting on the CCGL type 
spin-flavor states $(S7), for which the excited quark is quark no.l. 

The scalar coefficients appearing as reduced matrix elements of the S and MS orbital 
operators are given by overlap integrals over the two-body interaction 

(C 3 ) = (N-l^-J^, (63) 
\£ms) = (N — 2)J~^ ir — 2J^ C , 

where the coefficients J7j r cxc are defined by the integrals 

{L) mlm JL = J dndr 2 h{r 12 )r 12 x (pi - &)\<p.{f x )\ 2 < *(r 2 )<(f 2 ) , (64) 
(L) m , m j: xc = J dndfMr^n, x (p, -p 2 )^(r 1 )^'*(r 2 )^(fi)^(f 2 ) . (65) 

Their scaling is Ji ~ 0(N®) since they depend only on the wave functions of the pair of 
interacting quarks, but not on the total number of quarks. 

The reduced matrix elements (£$), (Cms) sca le like 0(N C ). Using this in Eq. (16"2"|) . one 
can see that the contribution of the first term to the mass operator scales like 0(a s N®) ~ 
0(N~ 1 ), while the second term gives a contribution of leading order 0(a s N c ) ~ 0(N®) 
proportional to s*i • L, together with another power suppressed contribution. 

Finally, we present also the contribution of the antisymmetric piece of the spin-orbit 
interaction to the mass operator. According to Eq. (|30|) . this is decomposed into MS <8> 
MS + A' ® A' under S° N rb x S S J . 

We start by computing the MS <S> MS term, which contributes 

(V S T U ) = {B ^ B \ B) = ^i&Ms) (Ohs) ■ (66) 
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The spin-flavor reduced matrix element can be obtained as explained in Appendix D, with 
the result 

(O a MS ) = j^iHSI^Ns, - SmSI)) , (67) 
and the orbital reduced matrix element is 

(C a MS ) = NJ^(L) m , m . (68) 
The overlap integral is given explicitly by 

{L) m > m J^ = /dndf^CnaJI^C^lV^^W^)- ( 69 ) 

This gives the total result for the MS x MS projection of the antisymmetric piece of the 
spin-orbit interaction 

(V s T U ) = Jl.(Ns 1 .L-S-L). (70) 

Finally, we consider also the A' projection of the antisymmetric spin-orbit interaction. 
According to Eq. (1291) . the A' projection of the spin- flavor operator Ofj = Si — Sj, vanishes 

Ofl = 2(s! - + 2(3- - s k ) - 2(s! - 4) = , (71) 

such that the A' operators do not contribute. In addition, for N = 3 the orbital A' con- 
tribution vanishes because of T— reversal invariance. We give the detailed argument in the 
following, since it is independent on the spin-flavor structure of the operator. 

The A' projection of is given by Eq. ( 1291) and can be taken as [£} A ' = C,\ 2 + £| 3 — £" 3 . 
On the two-dimensional space of the MS orbital states \Ti its matrix elements have the 
form 

/ 



-3J» 



(L) m 'm , (72) 



exc 



where the exchange integral is defined as 

(L) m , m J^ c = J drldrl£? 2 (r 12 )^(fl)^*(r 2 )^(fl)^(f 2 ) . (73) 

Hermiticity of the L\ 2 operator implies that the overlap integral is purely imaginary, 
Re J7 e " c = 0. However, T— reversal invariance of the Hamiltonian forbids imaginary terms in 
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the mass operator, such that the overlap integral must vanish. For N > 3, a second overlap 
integral can contribute, which can be nonvanishing. 

In summary, the mass operator of the orbitally excited baryons in the nonrelativistic 
quark model with the gluon exchange potential Eq. (|17[) is given by 

,N C +1 



M 



c l - 9 2 s ^^{aS 2 + bst ■ S c + cLfS a S b + dLfS a c s\ + eL ■ S + ft ■ s x ) + ■ ■ ■ .(74) 

The spin-flavor operators are understood to act on the CCGL-type state $(S7), for which 
the excited quark is quark number 1. The ellipses denote operators transforming in the E 
irrep, which appear only for N > 3, and are considered in the next section. 

The coefficients a — f are given by linear combinations of the orbital overlap integrals 
introduced above 



r (JV-l)(iV-2) 



N-2 
2 



d 



f 



N 
3 

N 
3 



N(N - 2) 
(iV-2)(X dir -J s )- 

(N - 1)/C dir - K 
2/C CX c 



N{N - 1) 

r (iV - 2)/C dir 



J s + (N - l)Jdir " X c: 

(iV-2)(X dir - l s )-21 cy 
) — IT 

\N - 2)/C dir - 2/C c 



(N - 1) Ji h - 
(N - 2)Ji h - 2JI 



2N 

o ^dir • 



N(N -2) 



(N - 2)Ji ir - 2JI 



' rra 



dir ' 



(75) 
(76) 
(77) 
(78) 
(79) 
(80) 



The matrix elements of the operators on quark model states can be found in the Appendix 
of Ref. 6J for any values of L and N c . 

The expression Eq. ( 1741) holds regardless of the orbital wave functions, and summarizes 
in a compact operator form the most general result for the masses of the orbitally excited 
states with MS spin-flavor symmetry, in the presence of one-gluon exchange quark-quark 
interactions. Although we used in deriving these results the Hartree approximation, they 
have a more general validity. The Hartree approximation is an useful device for computing 
the leading iV c dependence of the orbital reduced matrix elements, but is not essential for 
the arguments leading to the spin-flavor structure of the mass operator. Expressing the 
latter directly in terms of the orbital reduced matrix elements will produce an expression 
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Symmetric 


Antisymmetric 




2-body 


2-body 




S 


MS 


E 


MS 


A' 


v ss 


1 


1 


1 








1 


1 


1 






V so 


1 


1 





1 






TABLE I: Summary of the spin-flavor contributions to the mass operator of the L = 1 baryons 
arising from each of the three terms in the interaction Hamiltonian (for both gluon-exchange and 
Goldstone boson exchange interactions). The table counts the independent structures, correspond- 
ing to each irrep of 5jy- The dashes represent terms forbidden by Sn, and the show operators 
absent for other reasons. The E operators contribute only for N c > 3. 

similar to Eq. (174|) . for which the N dependence is implicit in the reduced matrix elements 
of the orbital operators. 



D. Goldstone boson exchange interaction 



the orbitally excited baryons in a second 



15j it was suggested that pion-exchange 



We consider in this section the mass operator o : 
model for the quark-quark interaction. In Ref. 
mediated quark-quark interactions can reproduce better the observed mass spectrum of 
these states. The physical idea is that at the energy scales of quarks inside a hadron, the 



zs, gluons and the Goldstone bosons of the broken 



appropriate degrees of freedom are quar 
chiral group SU{2) L x SU{2) R — > SU{2) [16J. The exchange of Goldstone bosons changes the 
short distance form of the quark-quark interactions, and introduces a different spin-flavor 
structure. 

The interaction Hamiltonian of this model has the form 



H = H + f 2 Y,% (81) 



9a 

i<j 

and has the same spin structure as the one-gluon interaction, but with additional explicit 
isospin dependence, qa is a quark-pion coupling which scales like 0(N®) with the number 
of colors N c , and /J ~ 0(N C ). The two-body interactions Vij include the following contri- 
butions: spin-spin interaction V ss , a tensor interaction V q and the spin-orbit interaction V so . 
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We write these interaction terms as 13] 



N 

V ss = 9o{rij)si ■ Sjtftf , 
i<j=i 

N 

V q = 92(rij) [3(fy • Si){rn ■ Sj) - (si • Sj) 

i<j=l 
iv 



i<j=l 



^ij X Pi) ' s i \ r ij X Pj) ' s j 



(82) 
(83) 
(84) 



+2(fij x ■ sj - 2(fij x ■ Si 



±a±a 

H l j , 



where the isospin generators are t a = |r a , and g%{Tij) are unspecified functions. 

The mass operator of the orbitally excited baryons with this interaction potential can be 
computed using the approach presented for the one-gluon exchange interaction. The orbital 
matrix elements have the same form (although with different overlap integrals), while the 
spin-flavor operators are different. 

We give in some detail the projection of the spin-spin interaction Vij = goir^Si ■ Sjtftj 
onto operators transforming as irreps of S S J . The symmetric projection of the spin-flavor 



operator Oi 



i<j 1 



16 



(85) 



where we denoted G ka = J2iLi s k tf. The G 2 operator can be expressed in terms of the SU(4) 
Casimir using the identity (for F = 2 light quark flavors) 



QkaQka = _ N ( 3N + 4 ) _ _£2 _ ^arpa 

16 V ' A 4 



(86) 



The reduced matrix element of the MS projection can be found as explained in Ap- 
pendix D, and is given by 



(Oms) 



Ng ka G ka - G ka G ka 



9 



N 



(87) 



iV-2V Ji c 16 
The Q±G C terms can be reduced to simpler operators using the reduction rule Eq. (4.5) in 



Ref. [6j, which for F = 2 gives 

ka/^ka 



9i ^ c 



^(tf + 3)-isi.£-i*;i? 



(88) 



Finally, the operators have to expressed as sums of terms acting on the core and "excited" 
quark. 
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Collecting the contributions of all terms in the Hamiltonian we find the following general 
result for the mass operator in the Goldstone boson exchange model 



M 



J 7 



c l + ^{aS 2 c + 6s! • S c + ct\T a c + dL l ig\ a G{ a + eL^{S l c , S 3 C } 



(89) 



-fUS l c + gUt\G™ + hUg\ a T?) . 



The coefficients a — h are given by linear combinations of the orbital overlap integrals 



rl 



2N(N - 1) 



(N -1)(N- 2)l s + (N- l)J dir - J c; 



(iV-2)(J dir - J S )-2J C 



2N(N-2) 



rl 



2N(N- 1) 



(AT - 1)(AT - 2)J S + (JV - l)J dir - I c 



d 



4 



N(N-1) 
1 



4iV 
(iV - 1)/C dir 



(iV-2)(J dir -X s )-2J c: 



2 

iV 



2/C r 



/ 
9 
h 



AN(N-1) 
3(N-2) 



4:N(N 

3 



N(N-l) 



N(N 



(N - 1)/C dir - K 
(N - 1)J^ - J c 

(n - - j: x 

(N - 1)J& - J c 



(N - 2)/C dir 
1 

AN(N - 2) 

\N - 2)J^ - 2J C 



(N - 2)/C dir - 2/C c 



s 

exc 



+ 



4A^ 
3 

2N 
3 

2N 



cxc 



(N - 2)J& - 2J C 
(N - 2)Ji ir - 2J° XC 



dir i 



sja 

2 dh ' 



(90) 

(91) 
(92) 

(93) 

(94) 

(95) 

(96) 



Comparing with the mass operator formula for the one-gluon exchange interaction 
Eq. (1741) . we find that more effective operators are present for this case (8 vs. 6). Note 
that two of the coefficients are equal (b = c). The total number of unknown constants is 
the same in both cases and is given by the seven reduced matrix elements of the orbital 
operators. An additional simplification occurs for the one-gluon interaction case, where the 
MS projections of the symmetric and antisymmetric spin-orbit interaction give the same 
operator (compare the second term in Eq. (1620 and Eq. ( 1701) ). This reduces the number of 
independent spin-flavor structures for this case from seven to six. 



E. The E operators 



In addition to the operators considered so far, transforming in the S, MS and A' irreps, 
there are additional operators transforming in the E irrep of Sn which appear only for 
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N c > 3. They are introduced only by the spin-spin V ss and tensor V q interactions in the 
Hamiltonian. In this Section we study their spin-flavor structure. 

We start by considering the spin-spin interaction Gij = ■ Sj. The E projection of this 
operator is given by 

0l = & - s b ) ■ (s a - s c ) , (97) 

where a, b, c are the integers appearing in the standard Young tableaux in the order 
[lc • ■ ■] [ab] . It turns out that it is impossible to express the reduced matrix element of 
E operators as matrix elements on the CCGL-type state $(S/). The reason is that the 
diagonal matrix elements of the G^ bc operators on the state $(SJ) vanish. This can be seen 
by symmetrizing the operator G^ bc under permutations of the N — 1 quarks different from 
quark 1, which gives a vanishing result 1 . 

On the other hand, the off-diagonal matrix elements of C^ c between CCGL-type states 
with different excited quarks, e.g. quarks 1 and 2, are nonvanishing. We will denote them 
as $i(S7) = $(SJ) and $2(57); they are expressed in terms of the basis states <f>i as 

\$i(SI)) = . 1 U 2 + 03 + ■ ■ ■ + <Pn) , (98) 



y/N(N - V 

|$ 2 (S/)> = 1 (~{N- 1)0 2 + 03 + 

>N(N- 1) V 



Consider for definiteness the matrix element of = (si — S3) • (5*2 — S4), which can be 
written using the Wigner-Eckart theorem as 

(^(SI)\0^ 2 (SI)) = ^JL^(O e ) (99) 

where the Clebsch coefficient has been computed using Eq. (|33|) . This shows that the reduced 
matrix element of the E operators (Ge) can be expressed as the off-diagonal matrix elements 
between CCGL— type states with different excited quarks. 

The operator on the left-hand side of Eq. (|9"§1) can be put in a simpler form by noting that 
both states $^2 (ST) are symmetric under any permutation of the 'core' quarks (3, 4, ■ ■ • , N). 
This core contains all N — 2 quarks which are different from quarks 1,2. Therefore the only 



1 In group theoretic language, this is due to the fact that any E operator transforms as MSV-i + -E/v-i 
under the S/v-i subgroup of S n which leaves quark 1 unchanged. Since ^±(SI) is a singlet under this 
subgroup, the matrix elements of En on this state must vanish. 
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nonvanishing contribution to the matrix element in (199]) will come from the component of 
234 which is symmetric under the core quarks. This component is given as a sum over all 
permutations Il c of the core quarks (3, 4, • • • , N) 

°™ (F~2)I ^ Uc °™ (100) 

The sum over permutations can be computed explicitly for the spin-spin interaction with 
the result, for arbitrary N, 

1 1 -> 2 N 

-E n n c 0£ 4 = (si ■ s 2 ) (si + s 2 ) ■ S cc + Y Si ■ & (101) 

(N-2)\ c 234 v ; N-2 K ' (N - 2)(N - 3) i ^ji 3 jK 1 

where we denoted S cc = s 3 + s 4 + • • • + sjy the (N — 2)-quarks core spin. The sum in the 
last term runs over all quark pairs in the core. 

Combining this with Eq. (1991) one finds the reduced matrix element of the E operator as 
an off-diagonal matrix element on CCGL states with different excited quarks 

N —{O e ) = (^(SI)\Og A \^ 2 (SI)) (102) 



2(N 

= (Si • s 2 ) - j^fr + s 2 ) ■ S cc + _ 1 _ (S 2 CC - - 2))\USI)) 

This specifies the reduced matrix of the operator (Oe) as an off-diagonal matrix element on 
CCGL-type states. 

The contribution of the E component of the tensor interaction is computed in an anal- 
ogous way. Combining everything we find the total contribution of the E operators to the 
mass operator Eq. (174]) in the one-gluon exchange model as —g 2 s 5M E with 

SM E = «,((?, • s 2 ) - -^(ffi + h) ■ S„ + (jy _ 2 ){N _ 3 ) I 5 "' - \( N - 2 >1) < 103 > 

+ '<(<4 - + 4)SL + 2(N J ){N _ 3) ^ , SL}) 

with 

g = (N- 3) J cxc , h = (N- 3)/C cxc (104) 

The matrix element of the operators in (jl(J3j) is understood to be taken between the off- 
diagonal CCGL-type spin-flavor states (<3>i(S7)| and \& 2 (SI)) states defined as in Eq. (1981) . 

For the purposes of N power counting, it is convenient to express the operators in 
Eq. (I103P as diagonal matrix elements on the $i(S7) state. This can be done using the 
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relation 



|$ 2 (S7)> = Pu\$i(SI)) (105) 

together with the explicit representation of the transposition operator P\ 2 on a system of 
spin-isospin 1/2 quarks 

Px2 = |(l + 45k ■ s 2 )(l + U a x t a 2 ) . (106) 
We illustrate the method of calculation by giving the details of the off-diagonal matrix 



element of the first term in Eq. (11031) . This can be written as 

(^(SI^-s^SI)) = (* 1 (SI)\2 1 -Z 2 P 12 \$ 1 (Sr)) (107) 

1 



-($ 1 (SI)\'£3 1 -8 k P lk \$ 1 (SI)) 

-L / o 



In the last step we used the symmetry of the wave function $i (SI) under the S s ^z{ 1 subgroup 
of S^~^ 1 acting only on the quarks 2, 3, • • • , N, and projected the operator s\ • s 2 P\2 onto 
its symmetric component under this subgroup. The sum over k can be performed in closed 
form with the result 

(£7)1*1 ■ s 2 \$ 2 (SI)) = *_ ($1(57)1 - 5i • S c + ^(N - 1) - 4tfG? + 3t?T c a | ^(SI)) 
= (<S>i(SI)\j^-[tlT? + 4(A f_ 1) l^i(^)) , (108) 

where we used the reduction rule Eq. f lHHj) in the last step to eliminate s\ ■ S c , g™G™ in favor 
of t\T*. 

The remaining terms in Eq. (11031) can be computed in a similar way. After a lengthy 
calculation one finds for the off-diagonal matrix element of the first term, arising from the 
spin-spin interaction, 

($i(SIWi ■ **) - Jj^fr + $0 ■ Sec + {N _ * _ 3) (Si - ^(N - 2))|$ 2 (S7)> = 

3N-13 iV 2 + 4iV + ll 2 

)l 4(iV-2)(iV-3) tl c ~ A(N-l)(N-2)(N-3) Sl c ~ (N - 2)(N - 3) 91 c 
N + 3 „ 2 1 _ . N 



4(N -1)(N- 2)(N - sf c " (iV-2)(iV-3)^ cTc + W^) ' ^ 

In writing the final result we assumed two light flavors F = 2, which allows the use of the 
identity S l c G^ = \(N + l)T 6 a . 
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The matrix element of the second term in Eq. (1 1 3 [) . representing the contribution of 
the E projection of the quadrupole interaction V q , can be expressed as a diagonal matrix 
element on <&i(SI) in a similar way, with the result 

I${<f>i(SI)\{*\A} - J^i( s \ + 4). + (N -2)(N-3) {S ^ SL}l ^ {SI)) = 
^(SI)\ {N 2 _ N m 5 _ 3) G?} + <N _ 2) R Si) 

S l} - ( ,r l,r oA {Sl Gi a } (110) 



4(JV-l)(JV-2)(iV-3) L c CJ (JV-2)(JV-3) 
-{gi^SijT^SI)). 



(JV-2)(JV-3) 

A few comments are in order about the form of these results. Note that the E operators 
arising from the spin-spin and tensor interactions introduce a nontrivial flavor dependence 
(manifested through the operators t\T c , giG c ) which is not observed in the S, MS projections 
of these interactions. Furthermore, in addition to the operators encountered so far, three 
new structures are introduced by the E operators, given by g{ a S l c T^ and L^t^Sl, G J c a }, 
L l 2 {g[ a , Si}T^ . The operator L 2 J {g[ a , G J c a } contributes at 0(N®), and the remaining ones 
start at order 0(N~ 1 ). 

IV. MATCHING ONTO THE 1/N C EXPANSION 

The spin-flavor structure of the matrix elements of the one-gluon interaction Eq. (|74p 
matches a subset of the operators appearing in the 1/N C expansion of the mass operator of 
the orbitally excited states. We adopt here the basis of operators of Ref. {(|. Working to 
order 1/N C , the most general set of operators for the mass of these states is 

M = Cl N c l + c 2 Vs l + c 3 |-4V a Gf + ]T cA . (Ill) 

The terms proportional to 02,3 contribute at order 0(N®), and the remaining operators 
proportional to c^s are of order 1/N C . A complete basis of subleading operators can be 
chosen as 



0, = 


LV + aTTi > °* = ^l 1 si , 




(112) 


Or = 


jf/Si, 8 = ^-LUs 1 , Sl} , 9 = 


^ Ti„iarpa 

W C L9 T " 




o w = 


YfT?, O u = ^t a {Sl,G^}. 
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Matching the one gluon exchange quark-quark interaction we find a leading order 0(N®) 
contribution to the mass coming from the spin-orbit interaction 

9 2 S N C 



c 2 



(3Jd S ir - Jd a ir ) , c 3 = 0. (113) 



This confirms in a direct way the prediction obtained from the \JN C expansion of the breaking 
of the SU(4) spin-flavor symmetry at leading order in N c {4], 6]. The nonrelativistic quark 
model with gluon mediated quark interactions displays the same breaking phenomenon. 
The coefficients of the (^(iV" 1 ) operators are given by 

c 4 = 0, C5 = -£^(3j iii+ (114) 



9 2 S N 9 2 S N C g 2 s N 

C& — — -L s i C7 — - — Xdi r , Cg — - — y^dir 



and C9 ; io,n = 0. In addition, the E operators contribute to the coefficients 06,7,10, as shown 
in Eq. (11091) . and to c 3>8i n as seen in Eq. (11 101) . They also introduce two operators not 
present for N — 3, g^S^T® and {g{ a , S 3 C }T^, contributing at order 0(N~ 2 ), in agreement 
with Ref. fl. 

Several general comments can be made about these results. 

The explicit calculation confirms the N c power counting rules given in Ref. {4], giving 
the leading contribution of each operator. The two-body quark interactions considered here 
produce one-, two- and three-body ((9 17 = -^Ej {S l c , S^} of Ref. jg|, which correctly appears 
at order 0(1/N 2 ) in Eqs. (171]) . (IllOp ) effective operators in the 1/N C expansion. Higher order 
iterations of the interaction Hamiltonian will also generate more higher order operators. 

An important conclusion following from this calculation is that operators with nontrivial 
permutation symmetry are indeed required by a correct implementation of the 1/N C expan- 
sion. This disagrees with the 1/N C expansion recently proposed by Matagne and Stancu 



111 ], which does not allow for such operators. 



A distinctive prediction of the one-gluon exchange potential is the vanishing of the coef- 
ficient C3 of one of the leading order operators (up to contributions from the E operators, 
which appear only for N > 3). Expressed in terms of the tower masses Mo, Mi, M2, (see 



Ref. 



this relation is equivalent to a mass relation at leading order in 1/N C 

M - ^Mi + l -M 2 = OiN- 1 ) . (115) 
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We consider next the matching of the mass operator Eq. (189]) in the model with quark- 
quark interactions mediated by Goldstone boson exchange. For this case the coefficients of 
the leading operators are 

C2 = -^l(3J5 r + J&) , c 3 = \? A K& (116) 

where we defined g\ = N c g 2 A / f% a coefficient of order ~ 0(N®). 
The coefficients of the subleading 0{N~ 1 ) operators are 

C4 = l~g A (3Jiir + ^dir) , C 5 = , C 6 = -^T B , (117) 

c 7 — c 10 = — ^<?l^dir , Cs = Cn = , Cg = -^(3^1 ~~ <^dir) ■ 

For this case the coefficients of both leading operators can be of natural size. There are 
predictions for the vanishing of the coefficients of some subleading operators, and also one 
relation between the coefficients of the leading and subleading operators C2 = — C4. The 
Goldstone boson interaction also generates a three-body operator, On of Ref. 6J, which 
correctly appears at order 0(1/N 2 ) in Eq. (18"9"|) . 

The coefficients of the leading order operators 01,2,3 have been determined in 8| from a 
fit to the masses of the nonstrange L = 1 baryons, working at leading order in 1/N C . The 
results depend on the assignment of the observed baryons into the irreps of the contracted 
symmetry (towers). There are four possible assignments, but only two of them are favored 
by data. These two assignments give the coefficients 

assignment 1: cj, 0) = 83 ± 14 MeV , cf ] = -188 ± 28 MeV (118) 

assignment 3: cf ] = -12 ± 16 MeV, cjj 0) = 142 ± 38 MeV (119) 

Comparing with the predictions Eq. fll 13j) of the one-gluon quark-quark potential model, we 
see that there is no evidence in the data for a suppression of the coefficient C3 relative to c%. 
For both assignments, the coefficient C3 is sizeable, a situation which favors the Goldstone 
boson exchange model, or at least indicates that some kind of flavor dependent effective 
interactions cannot be neglected. A more detailed analysis, including also the predictions 
for the subleading coefficients, will be presented elsewhere. 
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V. CONCLUSIONS 



In this paper we analyzed the spin-flavor structure of excited baryons containing N c 
quarks, from the perspective of the permutation group of N — N c objects. The group 
Sn is the diagonal subgroup of the product S^ b x S S J of permutations acting separately on 
the orbital and spin-flavor wave functions respectively. 

The permutation group imposes restrictive constraints on the form of the allowed spin- 
flavor operators contributing to any physical quantity, such as masses and couplings. In this 
paper we discussed in detail the mass operator of the orbitally excited baryons with MS 
spin-flavor symmetry. 

In the quark model with a quark-quark interaction Hamiltonian V, the hadronic mass 
operator contains only those spin-flavor operators which appear in the decomposition of 
the Hamiltonian under Sn S^ b x S S J . This decomposition has the generic form 
V = J^rVr^Vr \ with R irreps of the Sn group, which depend on V. Taking the ma- 
trix elements of the orbital operators V^ h on hadronic states replaces them with reduced 
matrix elements, parameterizing in a general way our ignorance about the orbital wave func- 
tions. The remaining dependence on the spin-flavor degrees of freedom is displayed explicitly 
in operator form, regardless of the unknown orbital wave functions. 

n 

This approach is similar to the method used for N c = 3 in Ref. [13J to obtain the predic- 
tions of the nonrelativistic quark model in a form independent of the orbital wave functions. 
In addition to extending this result to arbitrary N c , we focus here on the transformation of 
the operators under the permutation group S S J acting on the spin-flavor degrees of freedom, 
which is crucial for the connection of these results with the 1/N C expansion. 

We constructed explicitly the Sn — * S^' b x S S J decomposition of the most general two- 
body operator V, considering in particular the case of the hyperfine gluon-exchange and 
Goldstone boson exchange mediated quark-quark interactions. The main results of this 
analysis are Eqs. (17^1) and (189j) . which summarize in a compact operator form the most 
general structure of the mass operator for the excited baryons allowed by the considered 
q — q interactions. 

The results for the mass operator match precisely the effective operators appearing in the 



1/N C expansion for these states 



We find that the decomposition into core and excited 



quark operators used previously in the literature on the subject is both necessary, and a 
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consequence of the Sn symmetry. We confirm by explicit calculation the N c counting rules 
of Refs. {4,6]. In particular we confirm that the effective spin-orbit interaction is of leading 
order 0(N®), as was correctly stated in Ref. 4|. 

Comparing with existing fits to the masses of nonstrange L = 1 excited baryons, we find 
that flavor dependent interactions cannot be neglected, and may be necessary to supple- 
ment the gluon exchange model. This is in line with the chiral quark picture proposed in 



Ref. 



161 ] . The approach discussed here allows further tests of the nature of the q — q forces, 



as manifested through the hadronic properties of these states. We hope to report progress 
on this issue in the near future. 
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APPENDIX A: THE PERMUTATION GROUP 



In this Appendix we give a few details about the permutation group of N objects Sn, 
and its irreducible representations which are used in the main text. 

The irreps of Sn are identified by a partition [ni, n 2 , ■ ■ ■ , rij] with J2l=i n % = N. Each 
partition can be represented as a Young diagram with ri\ boxes on the first row, n 2 on the 
second row, etc. 

The irreps of Sn which are relevant for the present work are given in Table [Til We list 
also the characters for the conjugacy class l a 2 /3 3 7 ■ ■ • containing a 1-cycles, (3 2-cycles, etc. 
Using these expressions and the orthogonality theorem for characters, the projection of any 
operator onto these irreps of Sn can be computed explicitly. 



Name 


Partition 


Dim 


Character ,- 


S 


[N] 


1 


1 


MS 


[N-1,1] 


N-l 


a — 1 


E 


[N-2,2] 


lN(N-3) 


\{a-l)(a-2)+ j3-l 


A' 


[N -2,1,1] 


i (iV -i)(iV-2) 


\{a- l)(a-2) -P 



TABLE II: Irreducible representations of Sn contained in MS x MS. 

The choice of a basis for a given irrep is not unique and several possible choices are adopted 
in the literature. The most elegant choice is the orthogonal Yamanouchi-Katani basis, which 
is constructed recursively in terms of the chain SV-i C Sn C Sn+i • • ■■ However, this basis 
is not convenient for arbitrary N, since the matrices of the irreducible representations of Sn 
can not be given in a simple closed form. 

In this paper we use the Young operator basis Consider a particular standard Young 
tableaux (SYT) of the shape corresponding to a given irrep of Sn- This is a Young tableaux 
with the numbers 1, 2, ■ ■ •, N inserted such that the numbers increase from the left to the 
right in each row, and increase as one moves down in each column. We will denote a SYT by 
giving the sequence of indices in each row, e.g. [125] [3] [4] for a Young diagram with 3 rows 
in the A' of S5. Denote with P the sum of all horizontal permutations, which exchange only 
elements in the same row, and with Q the sum of all vertical permutations, which interchange 
only elements in the same column, multiplied with the parity of each permutation. 
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The Young operator Y corresponding to a given Young tableau is defined as 



Y = QP. (Al) 

This can be applied to any state or operator to project out the component with the desired 
transformation under Sjv- 

As an example we give the explicit construction of the basis of symmetric two-body 
operators Oy transforming under irreps of Sn, for N = 5. As shown in Sec. IIIIl these 
operators are decomposed as {Oij} = S + MS + E under the permutation group Sn- 

The symmetric component is given by the sum over all components 

O 8 = On + 013 + 014 + 015 + 023 + 024 + 025 + 034 + 035 + 045 • (A2) 

The MS operators are constructed by applying the Young projection operators to a 
certain operator of* . This is chosen such that the resulting basis of operators satisfies 
the relations Eqs. ([6]). Considering the Young tableaux [lab - ■ -][k] corresponding to 0^ IS , 
the starting operator must be chosen as 0« = 0\ a . Thus, for 0| /s the Young projection 
operator is applied to O13, and for the remaining 0^ s 3 , to On- As an illustration, we give 
below the explicit MS operator basis for N = 5, where we show also the standard Young 



diagram corresponding to each projector 

02 /5 = 013 + 014 + 015 - 023 - 024 " 025 , [1345] [2] (A3) 

Of s = 12 + O u + 015 - 023 - 034 - 035 , [1245] [3] (A4) 
0f S = On + 013 + 015 - 024 - 034 - 045 , [1235] [4] (A5) 
5 M5 = 012 + 013 + 014 - 025 - 035 " 045 , [1234] [5] . (A6) 

The E projection contains five operators. They can be obtained by acting with the Young 
projectors Y(E) of the standard Young diagram [la ■ ■ -][bc] onto Oi a , and are given by 

Of = O l2 - 0i5 - 024 + 045 , [123] [45] (A7) 

Of = On - 015 - 032 + 035 , [124] [35] (A8) 

Of = On - 0i4 - 023 + 034 , [125] [34] (A9) 

Of = 13 - 015 " 023 + 025 , [134] [25] (A10) 

Of = 13 - 0i4 - 023 + 024 , [135] [24] . (All) 
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These results can be used to express any interaction of N = 5 particles interacting 
through symmetric two-body potentials which are factorized into spin-isospin and orbital 
operators. Expressed in terms of the operators transforming in the irreps of Sn, 0\ = 
(O s , Of 5 , Of 5 , Of 5 Of 5 , Of, Of, Of, Of, Of), the interaction Hamiltonian takes a block 
diagonal form 
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(A12) 



1 2 
3 3 / 



kl 



This is a particular case for N = 5 of the general relation Eq. ( 1261) which is valid for any N. 

We also present the construction of the operator basis for the antisymmetric two-body 
operators. As mentioned, these operators transform like the MS + A' irreps. 

The MS operators are given by 



Of 5 


= 20 12 


-o 23 


-o 24 


-o 25 


+ o 13 


+ o 14 


+ 015, 


[1345] [2] 


(A13) 


of 5 


= 20 13 


+ o 23 


-0 3 4 


-035 


+ o 12 


+ o 14 


+ 015, 


[1245] [3] 


(A14) 


of 5 


= 20 14 


+ o 24 


+ 034 


-045 


+ o 12 


+ o 13 


+ o 15 , 


[1235] [4] 


(A15) 


of 5 


= 20 15 


+ o 25 


+ 035 


+ 045 


+ o 12 


+ o 13 


+ 014, 


[1234] [5]. 


(A16) 



The A' operators depend only on the indices in the first column of the SYT. Considering 
the SYT [lafe][c][d], the Young projector Y(A') reduces to the antisymmetrizer in the indices 
[led], A lcd = 1 — Pic — P ld — P cd + P cdl + P c id, when applied to Oi c . The basis of operators 
is 



Of = 20 l2 - 20 l3 + 20 23 , [145] [2] [3] 
2G 12 - 20i4 + 2C> 2 4 , [135] [2] [4] 



O2 4 



(A17) 
(A18) 
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Oi 



of 
of 
of 



20 12 - 20 15 + 20 25 , [134] [2] [5] 

20 13 - 20 u + 2034 , [125] [3] [4] 
20 n - 20 15 + 20 35 , [124] [3] [5] 
20 u - 20 15 + 20 45 , [123] [4] [5] 



(A19) 
(A20) 
(A21) 
(A22) 



The decomposition of a symmetric Hamiltonian containing antisymmetric two-body op 
erators, expressed in the basis = (Of s , M5 ^ A/s 



has again a block diagonal form 



i<j k,l 
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kl 



This is the particular case for = 5 of the general relation Eq. (I3"U|) . valid for any N. 



APPENDIX B: AN EXPLICIT EXAMPLE FOR N c = 3 

We illustrate here the construction of the baryon states used in this paper, given in 
Eq. ( TTUj) . on the example of the A5/2 state. This is a member of the 70~ multiplet for 
N c = 3 with quantum numbers I = 1/2, J = 5/2. 

We start by constructing the MS basis of spin-flavor states given in Eq.(j4]). They are 
defined as \<pk) — {Pik — 1)10); where the reference state \<f>) is chosen as an eigenstate of 
S 2 , S3, 1 2 , 13 

i—- s~- 1 

\4>) = (ki) ® \%c = 1 )) /3= +i i 5 2 3=+ | = z( 2d i u i u i - U ^ d 1 - Vt^t) • ( B1 ) 

We indicate explicitly the spin and isospin couplings, which were dropped in the main text. 
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The normalization of |0) is chosen so that the basis states satisfy Eq. ([5]). We obtain 



Applying the total isospin operator 

I 2 = \ + \ + 2^ + r/ + 2rrr+) (B4) 

with t = (r 1 ±ir 2 )/2, where r are the Pauli matrices, it is easy to check that these states 
have the same quantum numbers as the reference state |0). Combining the spin-flavor and 
orbital components, our symmetrized state Eq. fllOl) is given by 

3 1 

\ B ) = Zl (PkXlMkl = 02X2 + 03X3 - 7^(02X3 + ^3X2) (B5) 
k,l=2 1 

with the MS orbital basis wave functions \2 = sp + s — p + ss , xz — SS P + ~ P + ss , and reads 
explicitly 

\B) = dtu^u^ + u^dtu^ + u<[U<[dt 

— — (u^u^di + u^d^u^ + u^ul^d} + d^u^u^ + u^d^u* + d^u^u^) . (B6) 

This state is symmetric under all three quarks, and is normalized as (B\B) = 9/2. 

Next we compare this with the state constructed in Ref. Q| (denoted as the CCGL state) 
which is given in Eq. ffl5l) . Here we always choose to couple the excited quark in the first 
position, which leads to the explicit form 

\(LS)J, J 3 ;I,h)ccGL = K 1 ' 2^2' + 2' 2' = T/gO^^T + ^M M T - 2dfu T u T ) (B7) 

where q + denotes the quark no. 1 with orbital angular momentum \L = 1, L3 = +1) = p + ■ 
The CCGL state Eq. (TB7j) can be written as \CCGL) = $(SI) g> \p + ss) with = 
§,/ = |) = "^2=5(102) + 103))- The relation of the symmetrized state Eq. ( 1B6I) with the 
CCGL state given in Eq. (1B7I) is given by 

1 3 V2 t 



-j=Y^P lt \CCGL) = -^ 

and agrees with Eq. ([161) . 



\B) (B8) 
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APPENDIX C: THE PROOF OF EQ. (|57|> 



The matrix elements of a 2-body symmetric operator on the fa basis can be given in 
closed form, for any N. Using the representation of the 2-body operator (kl) = O k i on the 
basis of Fock states, these matrix elements are 

(fa\(lk)\fa) = (I d - Q(5 ik + 5 jk ) + I d (l - 5 ik )(l -5 jk ), k = 2,---,N (CI) 
(fa | (kl)\fa) = IAj (Sik + Sji) + Ie(5ikSji + 5 a 5 jk ) , k^l = 2,---,N. (C2) 

We denoted here the two overlap integrals as I d = (sp\(12)\sp) ,I e = (sp\(12)\ps) . 

Using these expressions, the matrix element of operators transforming into irreps of Sn 
can be obtained by projecting onto the appropriate irrep. 

(fa\o s \fa) = (fa\ E (MM) = (O s )(l + Sa) (C3) 

l<k<l<N 

(falO^lfa) = (0 MS )(1 - 5 t] 5 tk ) (C4) 
(Mjfa) = (0 E )\[{-5 ik + S im )(l + 6 jt ) + (S jk + 5 jm )(l + Su)} (C5) 

where the reduced matrix elements are 

(O s ) = (N-l)I d -I e (C6) 

(0 A/S ) = (N- 2)I d - 2I e (C7) 

(0 E ) = 2I e . (C8) 

The matrix element of the interaction Hamiltonian in Eq. ( 1371) can be computed as 

(B\V symm \B) = ^ Tr [M(kl)M(kl)} = ^N(N - 1)T (C9) 

l<k<KN ^ 

where M is the matrix in Eq. (11) of the paper, and the matrices (kl)ij are given above in 
Eqs. (ICip . In the last step we used the fact that each term in the sum is the same T, such 
that the sum is simply the number of terms times T. 

The result for the matrix element of V symm must be given equivalently by the equation 
f l37|) as a sum over the irreps S, MS, E 

(B\V symm \B) = ^ T ( Cs (0 5 ) 2 + cms(O ms ) 2 + c E (0 E ) 2 ) (CIO) 

where the reduced matrix elements are given above in Eqs. (1C6P in terms of the overlap inte- 
grals I d , I e . Comparing the two expressions for this matrix element allows the determination 
of the coefficients c s> ms,e- 
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We start by computing the matrix element Eq. (1C9I) . As mentioned, each term in the 
sum is the same, and can be computed as 

T = Tr [M(lk)M(lk)} = 2(1 + * ) (J* + II) - j^hh . (Cll) 

This must be matched by the expression Eq. fIClOj) 



{B\V symm \B)= l -N{N -l)T (C12) 

9 M N N 2 

= Jn^[( N ~ - ^ + W^1 [{N ~ 2)Id ~ 2/e]2 + CE —l [2h]2 

Matching the coefficients of /J, Idl e and 1% on both sides of this relation, gives the coefficients 



of the three terms in Eq. ( 1C10I) corresponding to the three irreps of S 



N 

2 1 N(N-3) 

Cs ~ N(N-1)' CM5 "iV' CE ~ A(N-l) (C13) 

This completes the proof of Eq. (1371) . 

APPENDIX D: THE REDUCED MATRIX ELEMENT (0 M s) 

We present here the details of the derivation of the reduced matrix element of a MS 
spin-flavor operator as a matrix element on the CCGL state $(S7) with fixed identity of 
the 'excited' quark (such as e.g. Eq. PS]) ). As explained in Sec. IIII A[ this state is given by 

1 N 

*(si)= y> fc . (di) 

yJN(N - 1) t^2 

The matrix element of an MS operator on the MS basis states is given by the Sn 
Wigner-Eckart theorem 

(<t>i\Of s \^) = {0 MS ){l-5 lk 5 vj ). (D2) 
Summing over the index k of the operator, the matrix element on the $(S7) state is 

TV 

mSI)\ £ Of S \HSI)) = (N - 2)(O ms ) , (D3) 

k=2 

which can be used to express (O ms ) as a matrix element on the CCGL-type spin-flavor state 
${SI). 
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The advantage of taking the sum Y$!=2 ®k IS ls that it singles out the quark no. 1, just as 
in the state $(5/). An explicit calculation gives 

y, m S _ I -2 Ei<j Olj + iVE£ 2 for symmetric two-body operators 

fc=2 A?" fo r antisymmetric two-body operators 

Using this relation, one finds for example for the spin-spin interaction Oij = Si ■ Sj 

N o 

J2 A k IS = -S 2 + Ns, -S c + jN, (D5) 

k=2 4 

which gives directly Eq. fj4"2l) after combining it with Eq. flD3j) . 
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